In this paper, we prove that the inclusions between Morrey spaces, between weak Morrey spaces, and between a Morrey space and a weak Morrey space are all proper. The proper inclusion between a Morrey space and a weak Morrey space is established via the unboundedness of the Hardy-Littlewood maximal operator on Morrey spaces of exponent 1. In addition, we also give a necessary condition for each inclusion. Our results refine previous inclusion properties studied in [4] .
Introduction
Morrey spaces were first introduced by C.B. Morrey in [7] in relation to the study of the solution of certain elliptic partial differential equations. 
Here, B(a, r)
is an open ball centered at a with radius r, and |B(a, r)| denotes its Lebesgue measure. Notice that, when p = q, one can recover the Lebesgue space L p = L p (R d ) as the special case of M p q . See [9] for various spaces related to Morrey spaces. Many researchers have proved the boundedness of classical integral operators on Morrey spaces and their generalizations. See, for instance, [1, 2] and the references therein.
Concerning the Hardy-Littlewood maximal operator (defined in Section 3), one may prove its boundedness on Morrey spaces using the inclusion M 
These inclusions may be obtained by applying Hölder's inequality. Note that, for 1 ≤ p 2 < q < ∞, we have f (x) := |x|
Besides the 'strong' Morrey spaces, we also have weak Morrey spaces whose definitions are given as follows: 
In addition to the above inclusion relations of Morrey spaces, we have the following theorems. 
Then each of the following inclusions is proper:
q for this choice of φ, Theorem 1.4 can be seen as a complement of the result in [3] .
We also obtain the following necessary conditions for inclusion of Morrey spaces and weak Morrey spaces which can be seen as a refinement of some necessary conditions given in [4] .
Then the following implications hold: 
q is proper. In Section 3, we give the proof of Theorem 1.4 using the unboundedness of the Hardy-Littlewood maximal operator on Morrey spaces of exponent 1. The proof of Theorem 1.6 is given in the last section. Throughout this paper, we denote by C a positive constant which is independent of the function f and its value may be different from line to line.
The proof of Theorem 1.3
We shall first prove Theorem 1.3 (i) by constructing a function which belongs to M
Proof of Theorem 1.3 (i). Let 1
. Then we have dp 1 q < β < dp 2 q (2.1) and
We shall show that f ∈ M
for every 1 ≤ p < ∞, a ∈ R d , r > 0. Now, for 1 ≤ p < ∞ and r > 2, we have
and
Therefore, by substituting p = p 1 into (2.3) and recalling (2.1), we have
On the other hand, for each r ≤ 2, we have
By combining (2.5) and (2.6) we conclude that f ∈ M p 1 q . Meanwhile, by substituting p = p 2 into (2.4), we have
q , and we are done. Theorem 1.3 (ii) and (iii) are proved by using the function f from the proof of Theorem 1.3 (i) and its relation with the characteristic function of its level set. The detailed proof goes as follows:
Observe that
This together with the fact that f / ∈ M p 2 q gives f wM
and hence f ∈ M In order to prove Theorem 1.4, we need the following lemma.
Proof. We calculate
By applying the first identity for χ {|f |>γ
We also use the following fact about the unboundedness of the Hardy-Littlewood maximal operator M on Morrey spaces of exponent 1. The operator M maps a locally integrable function f to Mf which is given by 
Lemma 3.2. The Hardy-Littlewood maximal operator M is not bounded on the Morrey space
M 1 q for 1 < q < ∞.
